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Braids as a representation space of SU(5) 
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The Standard Model of particle physics provides very accurate predictions of phenomena occurring 
at the sub-atomic level, but the reason for the choice of symmetry group and the large number 
of particles considered elementary, is still unknown. Along the lines of previous preon models 
positing a substructure to explain these aspects, Bilson-Thompson showed how the first family 
of elementary particles is realized as the crossings of braids made of three strands, with charges 
resulting from twists of those strands with certain conditions; in this topological model, there are 
only two distinct neutrino states. Modeling the particles as braids implies these braids must be the 
representation space of a Lie algebra, giving the symmetries of the Standard Model. In this paper, 
this representation is made explicit, obtaining the raising operators associated with the Lie algebra 
of SU{5), one of the earliest grand unified theories. Because the braids form a group, the action 
of these operators are braids themselves, leading to their identification as gauge bosons. Possible 
choices for the other two families are also given. Although this realization of particles as braids 
is lacking a dynamical framework, it is very suggestive, especially when considered as a natural 


method of adding matter to loop quantum gravity. 
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I. INTRODUCTION 

Although it is a highly successful physical theory, 
aspects of the Standard model of particle physics re¬ 
main mysterious, such as the choice of symmetry group 
SU (3) X SU (2) X 17(1), and the need for a relatively large 
number of fundamental particles. This has led to the no¬ 
tion that there must be a simpler underlying theory ex¬ 
plaining these particular facts, continuing along the suc¬ 
cessful process of unification of physical theories begun 
by J. C. Maxwell in joining electricity and magnetism 
together. Many attempts, known as preon models, were 
developed to derive the properties of the Standard Model 
particles in terms of a smaller set of constituent particles. 
One such model is the Harari-Shupe model [l|, which 
posits two particles - the T particle with charge +1/3, 
and the V particle with neutral charge - and assumes all 
known particles are made of triplets of the T and V in 
various combinations. Negatively charged particles are 
due to the inclusion of the T anti-particle; there is also a 
neutral anti-particle V for the V particle. In addition, it 
was assumed that in these groupings, particles and anti¬ 
particles cannot appear in the same triplet. 

Bilson-Thompson Q pointed out that, by using the 
Harari-Shupe model as an inspiration, the first family of 
Standard Model particles can be formulated in terms of 
braids, with charges represented by twists of the braid 
strands. This uses braids with three strands, and two 
crossings of those strands. The basic generators of these 
braids are shown in Figure[l] along with the trivial braid; 
products of these generators, up to certain additional re¬ 
lations imposed on the products, form the braid group 
Bs i- Charges are represented by twists on each strand: 
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algebra representations, braid groups 

a +e/3 charge would be a full 27r twist of the strand in 
one direction, while a —e/3 charge would be a twist in the 
other, and zero charge as a twist-free strand. The total 
charge of the particle in this realization would be the sum 
of the charges on all three strands. The Harari-Shupe cri¬ 
terion of only particles or anti-particles appearing in the 
same triplet now becomes the condition that any twists 
existing on the strands of a given braid are only in one 
direction, i.e. all positive or all negative. Particle in¬ 
teractions become the combination or decomposition of 
braids, using the rules of the braid group B 3 . One advan¬ 
tage of the Bilson-Thompson model is that it provides a 
possible explanation of why there are only two neutrino 
states in a given family - the left-handed neutrino and 
the right-handed anti-neutrino - because acting with the 
parity operator gives braids identical to those neutrinos 
already known. Although there is not an exact corre¬ 
spondence between the two ideas, in the context of the 
rishon model, this can be thought of as making the V 
and V particles identical in the braid realization. 



FIG. 1. Braids corresponding to each of the basic elements 
(and their inverses) in the braid group B 3 , as well as the 
trivial (identity) braid 1. 

In addition, this topological model of the particles fits 
naturally into the context of loop quantum gravity 
This theory of quantum geometry uses spin networks - 
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graphs where the edges are labeled with group represen¬ 
tations. When a cosmological constant is present, these 
edges must be represented by ribbons allowing the 
possibility of the twists given in the Bilson-Thompson 
model. The dynamics in loop quantum gravity are gen¬ 
erated by local moves on the graph, such as expansion 
and contraction of nodes, as well as exchanges of edges 
at a given node. A theory of quantum gravity such as 
this would provide both the context for why certain re¬ 
alizations of particles as braids are possible, and oth¬ 
ers are not, as well as the needed dynamical framework 
for the evolution and interaction of these realizations. 
In addition, the representations labelling the edges may 
have some relevance in why, as seen in this work, certain 
braids can be associated with gauge bosons of particular 
groups. It is certainly possible there is another formula¬ 
tion of the elementary particles equivalent to the topo¬ 
logical preon model of Bilson-Thompson, more natural 
in the context of some overarching theory, but for the 
remainder of this paper, the choice of using three-strand 
braids with charges as twists is used. 

This paper takes the ideas of Bilson-Thompson and 
adapts it to the minimal SU{5) grand unified theory 
(GUT) one of the earliest attempts at combining 
the color and electroweak groups into a single group. 
The placement of the particle realizations for the first 
family of Standard Model particles in the representa¬ 
tions of SU{5) given in this GUT are spelled out, along 
with the raising operators associated with the simple 
roots of the SU{5) Lie algebra. Since the braids used 
are part of the braid group i? 3 , these raising operators 
(and their inverses, the lowering operators) will be braids 
themselves, allowing a straightforward realization of most 
of the gauge bosons in the same manner as the mat¬ 
ter fermions. Although Bilson-Thompson did choose a 
representation of the Standard model gauge bosons as 
braids, it was not shown how these choices fit into the 
Lie algebra structure. In addition, the choice of using 
SU{5) representations, rather than those of the Stan¬ 
dard Model group 517(3) x 517(2) x 17(1), is used to see 
if these realizations of particles as braids has any explana¬ 
tory power in why the elementary particles fit so easily 
into the representations of 517(5). As mentioned above, 
these braid ideas already “solve” one of the problems seen 
in the 50(10) GUT, that is having twice as many neu¬ 
trino states, compared to what is currently observed. On 
the other hand, the minimal SU (5) theory is experimen¬ 
tally ruled out, because of its prediction for proton decay; 
looking at the braid realizations of the gauge bosons re¬ 
sponsible for these interactions may provide some insight 
into possible fixes for this issue. 

The plan of the paper is the following. Before explicitly 
showing a possible set of particle realizations, the charge 
and parity operators C and P, respectively, are defined 
in Section m These operations are used in Section m 
to give a set of particle realizations, as well as the oper¬ 
ations corresponding to the raising operators of the Lie 
algebra for 5f/(5). This section also shows why a choice 


of parity operator P different than that chosen by Bilson- 
Thompson is needed to have a consistent set of operators 
and particle realizations. The necessary restriction on the 
properties of the parity operator shows the construction 
presented in this paper is not trivial. After a choice for 
the first particle family is exhibited, possible choices for 
the other two families are given, motivated by a restric¬ 
tion on the braids used for the particle realizations. The 
paper concludes in Section m with a discussion of this 
model of elementary particles as braids, in particular the 
aspects of the symmetry group, spin statistics and some 
comments on these particle realizations and the 50(10) 
GUT. 

II. BRAID OPERATIONS 

The original model by Bilson-Thompson has two fea¬ 
tures associated with each particle in the Standard Model 

- the braid used for the particle, and the positive and 
negative charges placed on each strand of the braid. The 
former is referred to here as the braid structure of the 
particle, and the latter as the charge structure. For a 
given particle realization where the braid structure is, 
e.g. CTicr^^ and the charge structure has a -|-27r twist 
equivalent to -|-e/3 on the first strand, no twist on the 
middle strand, and a —27r twist equivalent to —e/3 on the 
third strand, the notation used for this particle state is 

[-1-1,0, —1]; however, this example is only for illus¬ 
trative purposes, since it violates the Bilson-Thompson 
rule against charges of opposite sign in the same braid 
mentioned in Section [H To avoid excessive notation, this 
paper uses the symbols cti and (72 to denote both the 
members of the abstract braid group B^, as well as the 
braid structure for the physical particle states of the 
Standard Model; the difference between the two should 
be obvious from the context. Note that this notation as¬ 
sumes the charge is placed at the top of each strand, as 
shown in Figure [H 

The multiplication (Ja<Jb of two braids CTq and trt, is 
realized as first completing the braid crossing for a a, then 
that of (7{,. In other words, the first braid is placed “on 
top” of the second. The left-hand picture in Figure [H 
shows the multiplication where the crossing (Ji of 

the left two strands is done above the crossing of the 
right two strands. In addition. Figure [2] shows how the 
braid acts like a permutation of the charge labels 

- moving from the top of the braid to the bottom, the 
charges are rearranged 

[a, 6, c] ^ [6, c, a] (1) 

Note that this permutation does not change as long as 
the crossing of the left two strands is at the top, and 
that of the right two strands is at the bottom, so that 
would give the same result. On the other hand, 
the braid (72(7)”^ (and similar crossing patterns) gives a 
permutation of 


[a, 6, c] —>■ [c, a, b] 


( 2 ) 
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These permutations show why the realizations 
tTicr^^[a, 6, c] and (T 2 crf 6, —c, —a], shown in Fig¬ 
ure m are inverses. Placing either of these two braids 
on top of the other - i.e. multiplying the two in either 
order - it is obvious that the strands can be moved 
around until the combined braid is the trivial braid 
1. In addition, the placement of the three charges on 
o'2<^i^[—b,—c,—a] is exactly what is needed to cancel 
the charge structure in [a, 6, c], either by moving 

the charges [—b, —c, —a] upward through via the 

reverse of the permutation 0 or downward through 
cr^^CTi using the permutation @ to meet the top of 
cria'2 • 

The C operation maps a particle to its anti-particle 
partner; in terms of braids, it results in the inverse of the 
original particle, both in its braid and charge structures. 
This mapping acts like a top-down reflection of the braid, 
thus reversing the direction of the twists on each strand, 
and placing them at the bottom of the braid. The inverse 
of the braid structure gives 


C'(cri) = (Ti ^ 

C{(T2) = 0-2 ^ 

(3) 

C{aa(Jb) = 

C{ab)C{aa) 

(4) 


The charge structure of C{aa<Jb) must take into account 
the permutation of the strands as discussed above, in 
order to move them back to the top of the braid strands 
after the top-down reflection. As examples, for the braids 
CTicr^^ and acting with C gives 

C(cri(T^^[a, b,c\) = (J 2 (Ji^[—b, —c, —a] (5a) 

C{a2cri^[a,b,c]) = [—c, —a, —5] (5b) 

where the charge structure of the braid after being acted 
on by C is what is necessary to cancel out the permu¬ 
tations o and Q- When a braid and its inverse are 
multiplied, the resulting braid is the identity braid 1, 
represented as three strands with no crossings. 

In order to define a parity operator P, it is necessary 
to consider two additional operations first. The mirror 
operation M is defined as mapping a braid to its left- 
right mirror image, as shown in Figure [3l For the braid 
structure, this operation gives 

M{ai) = a2^ M((T2) = crf^ (6) 

and 

M{aa(Jb) = M{aa)M{ab) (7) 

If the charge structure is kept with the same sign, but 
the charges are mirrored along with the strands they re¬ 
side on, this is the parity operation defined by Bilson- 
Thompson. However, for the definition here, the mirror 
operation also affects the charge structure. Since in the 
original model, the charges were represented as twists on 
each strand, taking the left-right mirror will reverse the 


a b c -b -c -a 


FIG. 2. The braid and charge structures corresponding to 
the state (Ticr^^[a, 6, c] and its inverse —c,—a]. The 

permutation of the charge structure in the inverse is needed 
because of how the strands change position, moving from top 
to bottom in the braids (JiCT 2 . Note that the product ctiCT 2 , 
for example, is represented as placing the cri crossing on top 
of the (T 2 crossing. The three variables a,b,c € { — 1,0,1} 
represent the charge structure of the particle realizations. 

rotation of these twists as well; in Figure [3l this is rep¬ 
resented by a flip in the direction of the twists on either 
side of the braids. Thus, for this paper, the mirror op¬ 
eration M is defined as acting on the charge structure 
as 

M([a,6,c]) = [-C, -5,-a] (8) 

The last operation needed to define the parity operator 
P is the reversal operation R, shown in Figure [4l The 
intuition for this operation is to look at the “back side” 
of the braid, i.e. from the other side of the page. For 
example, if looking at the left-hand braid ai in Figure 
m from the other side, the middle strand passes over 
the right-hand strand, rather than under the left-hand 
strand, leading to the crossing ai on one side appearing 
as a CT 2 crossing on the opposite side of the braid. The 
operator R acting on the braid structure gives 

R{<Ti) = (72 R{<J2) = CTi (9) 

and 

R{cracrb) = R{(Ja)R{(Tb) (10) 

Twists on each strand retain the same parity, so the signs 
of the charge structure are unaffected; however, their or¬ 
der is reversed, along with the order of the strands. This 
gives 

R{[a,b,c]) = [c,b,a] (11) 

Because R does not change the physical realization of 
the particle as a braid, it is assumed that all particle 
identifications are invariant under this reversal operation. 
As will be seen below, this is the assumption reducing 
the neutrino states down to two independent realizations. 
Note all of these operations square to the identity, with 
= R? = 1, and they also commute, with 

[C, M] = [C, i?] = [M, i?] = 0 
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FIG. 3. The mirror operation M acting on a braid, result¬ 
ing in a left-right reflection. Here is shown M{ai) = ■ If 

the charge structure is represented by twists in the strands 
(as in the original Bilson-Thompson model), then M changes 
the charge structure to its negative, as shown by the circu¬ 
lar arrows, as well as in reverse order, i.e. M{ai[a,b,c]) = 
a 2 ^[—c, —b, —a]; the three variables a,b,c € {— 1 , 0 , 1 } repre¬ 
sent the charge structure of the particle realizations. 



FIG. 4. The reversal operation R acting on a braid, result¬ 
ing in a braid seen from “the other side” of the page. Here, 
= (T 2 . The signs of the charge structure - the twists 
on each strand - are unaffected by R, although their order 
is reversed, so i?(cri[o, 6 , c]) = CT 2 [c, 6 ,a]; the three variables 
a,b,c (z { — 1 , 0 , 1 } represent the charge structure of the parti¬ 
cle realizations. 


The mirror operation M changes the charge of the par¬ 
ticle, so this by itself is insufficient for a parity opera¬ 
tor, since the left- and right-handed versions of a given 
particle should have the same charge. Thus, a charge 
inversion operation must be included also, so we define 
the parity operator in terms of the charge inversion C 
and mirror operation M as P = RCM. This choice is 
perhaps most naturally justified by looking at the ac¬ 
tion of CP = RM on a particle; by using the defi¬ 
nitions of R and M given previously, as an example, 
CP((Ti(7^^[a, 6, c]) = ai^<72[—a,—b,—c\. As one would 
expect for CP, the charge structure of the resulting par¬ 
ticle has the opposite sign as the original, while each 
crossing in the braid structure is mapped to its inverse, 
although the order of the crossings remains the same. 
This definition of P also allows all particles to be consis¬ 
tently placed in the representations of SU{5), as shown 
in Section m Because of the combination of operators 
inside P, the crossings themselves are individually unaf¬ 
fected, so 


P{<Ti) = (Ti ^’( 0 - 2 ) = 0-2 (12) 

but the presence of the C operation inside P gives a 
change in ordering: 

PicTaCTb) = P[(Jb)P[cra) (13) 

In addition, the C operation inside P means the effect 
of the parity operator on the charge structure is depen¬ 


dent on the braid structure. In particular, for the choices 
CTicr^^ and (72(T("^, acting with P gives 

P{cria 2 ^[a, b, c]) = cr^^cri[6, c, a] (14a) 

P{a 2 cr^^[a,b,c]) = erf ^(72[c, a, &] (14b) 

As an example of these definitions, the results of act¬ 
ing on a particle state CTicrf ^[a, 6, c] with the charge and 
parity operators is shown in Figure [51 

p 

(TiCTf ^ [a, 6, c] -<-► (jf c, a] 

P 

o' 20 -i^[—b, —c, —a] -► (jj"^(T 2 [—a, —b, —c] 

FIG. 5. Charge inversion C and parity inversion P operators 
acting on the braids crio-f^ and erf ^( 72 ; the three variables 
a,b,c € {—1, 0, 1} represent the charge structure of the parti¬ 
cle realizations. 


III. REALIZATIONS OF PARTICLES AS 
BRAIDS 

Now that charge and parity operators have been de¬ 
fined on the particle realizations, the particles of the 
Standard Model can be determined. However, in this 
work the Lie algebra structure of these particles is also 
imposed on these choices, leading to a large restriction in 
the possible realizations. These structures are now laid 
out. Recall that SU(5) is a rank 4 Lie algebra, with four 
simple roots ah In the spontaneous symmetry breaking 
process SU{5) SU{3) x SU{2) x C/(l), and c? be¬ 

come associated with the raising operators of the color 
SU{3) group, while is associated with the electroweak 
U{1) and is related to non-conservation of baryon and 
lepton number. The SU{5) GUT places all the first fam¬ 
ily of particles into four representations; Figure |6| shows 
the 10 representation, containing left-handed particles, 
along with the actions of the raising operators associated 
with the four simple roots a*. From now on, a® is used 
to denote both the simple root and the raising operator 
for that root. 

One assumption used in the realization given here is 
that all quarks of a given type and parity (e.g. left-hand 
up quarks) have the same braid structure. This puts a re¬ 
striction on the allowable form of the raising operations 
associated with the simple roots ah Since and 
change only the color index of a given type of quark, the 
action of these operators cannot change the braid struc¬ 
ture, only the charge structure. This means that these 
two operators have the trivial braid structure 1, and the 
charge structure raises or lowers the charge on a given 
strand by one unit, in order to change the position of 
the charges on the strands for the quark states. How¬ 
ever, starting with as an example, must change 
both the braid and charge structure, since acting on 
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FIG. 6. The particle content of the 10 representation in the 
SU(5) GUT, along with the action of the raising operators 
associated with the simple roots a* of SU(5). The upper 
indices for each of the quark states is its color index in SU(3); 
all particles in this representation are left-handed, denoted by 
the L subscript. 

with leads to which cannot have the same struc¬ 
ture as u\ or u\ (the numerical superscript for all quark 
states is the color SU{3) index; the L subscript indicates 
the particles are left-handed). If this were not the case, 
then each would be the anti-particle for one of the 
u\^, as well as its right-handed partner under charge 
conjugation. In addition, and must be inverses of 
each other, at least for their braid structure, as seen by 
the following. With and acting trivially as braids, 
then any possible chain of raising operators taking the 
eJ particle to the particle in Figure [6] has o? acting 
twice and (x^ acting once; if o? and ol^ were not braid 
inverses, this process leads to braids with more than two 
strand crossings. 

For the 10 representation of the SU{5) GUT, the 
choice is made to act on the particle realizations to the 
right with the raising operators. In this representation, 
both the left-handed up quarks u\^ and the left-handed 
anti-up quarks appear; making sure that both are 
in the representation, and are still related by the action 
of the CP operator, restricts the choices of realizations. 
Specifically, note that the SU{3) action on these quarks 
results in u\ = u\ • c? and u\ = u\ ■ . In addition, 

the same raising operators and act on the anti-up 
quarks to give u\ =u\- and u\ =uj^-a^. Combining 
these together, with the fact that = CP{u\) gives 

ul = CP{ul-a^)-a^ (I5a) 

III = CP{ul ■ a^) ■ (I5b) 

As given by Bilson-Thompson, the parity operator is a 
left-right mirror symmetry of the braid structure, with¬ 


out changing the sign of the charge structure (just keep¬ 
ing each of the three on the same reflected strand). With 
this choice, the combined operator CPbt has an action 
CPbt{ul ■ = CPbt{o-^) • CPbt{ub), with the rever¬ 

sal of the braid order coming from the charge inversion 
operator C. Therefore, the above equalities m in the 
Bilson-Thompson model are now 

u\ = CPBT{oi^) • ui • (I6a) 

u\ = CPbt{o?) -u^-a^ (16b) 

As argued previously, the braid structures of and 
c? are both the trivial identity braid, so in order to have 
these braid consistency relations be satisfied, the charge 
structures for CPbt{(P), placed at the top of the braid, 
and a®, placed at the bottom, must cancel out. This is 
impossible to do unless two of the three charges on the 
a® strands are the same. To see this, recall that C acting 
on the trivial braid 1 will not change the braid structure, 
but it will map the charge structure to its inverse. Thus, 

C'(l[a, 6, c]) = 1[—a, ——c] 

The parity operator Pbt chosen by Bilson-Thompson 
does not alter the sign of the charges, but does reverse 
their order, so 

C'PBT(l[a, c]) = l[-c, -6, -a] 

The requirement that the relations (fTBl) means that these 
charges a, b, c must cancel out, but after they are per¬ 
muted by the crossings in the braids and . Specif¬ 
ically, suppose we choose the braid structure of to be 
crj"^cr 2 - Then, as seen in Figure[71 this means that a = b, 
while c is undetermined. 

However, this requirement means it is impossible to 
have all three up quark states have charge structures as 
permutations of {+1, +1,0}. Continuing with the exam¬ 
ple, if we let nl = ai^a 2 [a',b', c'], then by acting with 
a® = l[a®,a®,c®],z = 1,2, we have 

= (Tf^(T2[a' -I- c^,b' + a^,c' + a^] 

ul=ul- 

= crj"^CT2[a' -I- -I- c^, b' + + a^, c' -b -|- a^] 

where the permuted actions of a® and c® come from shift¬ 
ing the charges of a® from the bottom to the top of the 
braid crj~^cr 2 for ul (this is the reverse of the charge 
structure permutation shown in ([T])). For any choice of 
{a®, 6®, c®} as a permutation of {+1, +1, 0} for the particle 
there are no consistent values for the four parame¬ 
ters a^, c^, a^, giving the charge structures for the other 
two particles and Il| as the other two permutations 
of {+1, +1,0}. This issue does not go away if the action 
of the a® is to the left rather than the right - there is still 
the problem of a® and CP(a®) acting on opposite sides 
of the particle realization. 

On the other hand, if as defined in this paper, the CP 
operator acting on a product of braids preserves the order 
of this product because of the relations dH) and m on 
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FIG. 7. Example of cancellation needed to make the Bilson- 
Thompson operator Pbt work consistently with the Lie alge¬ 
bra structure of the Standard Model. This illustration repre¬ 
sents graphically the operations in (O using the choice ^CT 2 
for the charge structure of Here the charges {a,b,c} 

at the bottom come from the action of a®, while those of 
{—a, —b, —c} at the top come from the action of CPsTia^)- 


C and P, respectively, then solutions to this issue exist. 
In particular, with 

u\ = CPiu\ • a^) ■ =u\- C'P(a^) • 

and similarly for u^, then the particles are consistent if 
CP(a^) = and CP{a^) = i.e. 

P(a*) = a* 1=1,2 (17) 

Using the definition of P = RCM given previously, 

P(l[a, 6, c]) = l[a, 6, c] 

Thus, for any choice of and a^, the particle realiza¬ 
tions in the 10 representation will be consistent. A par¬ 
ticular choice of raising operators associated with each 
simple root of SU{5) is given in Table HI 

Simple root Raising operator 
l[-bl,0 ,-l] 

a" 1[-1,+1,0] 

a® (J2crf^(j2[—1,-2,-1] 

o'* (Jj *[-|-l,-fl,-fl] 

TABLE 1. Raising operators associated with each of the sim¬ 
ple roots of SU(5) for the first generation of Standard Model 
particles; the corresponding lowering operators are the in¬ 
verses of those given in the table. The braid structure 1 is the 
trivial (identity) braid. Note that all four raising operators 
are invariant under the parity operator P. The identification 
of these operators as particles is given in Table uni 

One nice consequence of these definitions of the rais¬ 
ing operators is in how the a® act on the braids in 
each representation. Remember that for the 10 repre¬ 
sentation, the raising operators acted on the right, e.g. 


Pl p'l = Pl • ah Since the particles in the 5 represen¬ 
tation are obtained from those in 10 by acting with the 
parity operator P, then 

p'r = = P{PL ■ a") = P{a") ■ pr 

Since the requirement for consistency in the 10 repre¬ 
sentation led to the parity invariance (HU) of a* and a^, 
then the same raising operators used for 10 also work 
for 5, as long as they act on the left instead of the right. 
By explicit computation, the operators and share 
this parity invariance, so all four operators act equally 
well on 5. The same logic works as well for the conjugate 
representations 5 and 10. For instance, in the 5 rep¬ 
resentation, the raising operator acts as a® : p'^ P^, 

i.e. in the reverse order to how the particles appear in 
the 10. Since the particles in this representation are ob¬ 
tained from the 10 by acting with CP, then 

p'l = CP(p'J = CP(pL ■ a®) 

As seen before, the action of CP keeps the same order of 
the braid product, so that 

p'B=PL-CP{a^) 

Parity invariance of a® gives that CP (a®) = (a®)“*; thus 
by acting on the right with a®, one obtains 

Pl = p'l ■ a* 

Going through a similar logic, the particles in 10 are 
acted on the left by the a®; this matches up with the 
idea that one representation and its conjugate have the 
Lie algebra operators act on the “opposite side” of each 
other. 

To summarize the above discussion, a consistent re¬ 
alization of all the particles in the Standard Model is 
obtained by the following choices: 

1. Choose a braid structure for the left-handed 
positron e)(; the charge structure must be 
[-1-1, -bl, -bl]. 

2. In terms of braid structure, e J and u]^ must be the 
same, since and are inverses, at least for the 
braid structure. This means the braid structure of 

is fixed by the choice of ej; assigning distinct 
permutations of the charge structure {-bl,-bl,0} 
to each of the three left-handed up quark particles 
fixes the operators a* and a^. 

3. Since is determined by CP acting on u^, the 
raising operator is now obtained. From this, 
the realizations for all are also fixed (since a* 
and are already known), and so is the action of 
the operator 

4. All the other three representations 5, 5 and 10 are 
determined by these choices, by using P, CP, and 
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C, respectively, on the 10 representation. The rais¬ 
ing operators act on the right for the left-handed 
particle representations 5 and 10 , and on the left 
for the right-handed particle representations 5 and 

To. 

The npshot of this is that there are only three inputs to 
determine all of the braid and charge structures - the 
braid structure for ej and the charge structures for two 
of the three left-handed up quarks, with the third being 
the remaining one not used previously. A complete set 
of particle realizations in shown in Table m Note that, 
because the braids associated with the neutrino have zero 
charge, it is automatically true that acting on one of them 
with the parity operator, e.g. P{vl), automatically gives 
the same result as acting on its anti-matter partner with 
the reversal symmetry i?, so RiVu) = P{vl)- Because 
of the assumption that the physical content of the model 
is invariant under i?, this gives only two independent 
neutrino states. 


Particle 

Structure 

Particle 

Structure 


(JlCTj ^[0, -1-1, -1-1] 

Ur 

C2 ^ci[-|-l, 4-1, 0] 


a\(J2 0, -|-1] 

Ur 

(Tj ^cri[0, 4-1, 4-1] 


CTlCTj ^[+1, +1, 0] 

u% 

^2 ^ci[-|-l, 0, 4-1] 

ui 

afValO,-!,-!] 

Ur 

C2crj"^[-1,-1,0] 

nl 

O-ZV2[-l,0,-1] 

ul 

C2Cr]"^[0, -1, -1] 

nl 

afVahb-bO] 

^R 

7271-1 [-1,0,-!] 


o'Z^o-2[—1, 0, 0] 

dR 

C27j"l[0, 0, —1] 

dl 

cr]"^o-2[0, -1, 0] 

dl 

C277l[-1, 0, 0] 

di 

cr]“ V 2 [ 0 , 0, —1] 

dl 

727]"1[0, —1, 0] 

dl 

cri(T^^[-|-l,0,0] 

dl 

7^Vi [0,0, 4-1] 

dl 

Cl -1-1,0] 

dR 

7^Vi [-41,0,0] 

dl 

cic^MO, 0,4-1] 

4 

[0, 4-1,0] 

4 

ClCTj ^[+l! +li +1] 

4 

72 l7l[4-l, 4-1, 4-1] 

eZ 

Cj'V2[-l,-l,-l] 


727fl[-l,-l,-l] 

fL 

CTlCTj'^ [0,0,0] 


727]“1[0, 0, 0] 


TABLE II. Braid and charge structures for all particles in the 
first family of the Standard Model; the numerical superscripts 
for the quark states are the color SU (3) index. There are only 
two neutrino particle states - since particles are defined to be 
invariant under the reversal operation and R{Vii) = P{vl), a 
new particle does not result. 

To construct other particle families in a manner simi¬ 
lar to that shown above, one needs to find other braids 
in such that acting with C, P and CP gives three 
other distinct braids, i.e. with no repetitions. It is ob¬ 
vious that none of the single crossing braids cri,cr^^,(T 2 
or (7^^ are acceptable, nor is the trivial identity braid 
1, since all are invariant under the parity operator P. 
Starting with aia 2 , the three operators result in the 
other two-crossing braids, cr 2 cri, ((Ti(T 2 )“^ and (cr 2 cri)“^. 
Thus, there is the possibility of another particle genera¬ 
tion based on these four braid structures. For the braids 
with three crossings, the braid relation aia 20 'i = a 2 iyi<J 2 


(which is easily seen as true by drawing the respective 
braid pictures) cuts down the number of independent 
choices. However, this gives many possible choices for 
a starting braid, even at the level of only three cross¬ 
ings, such as crjcr 2 , (Tjcr 2 , and crjcr^^, resulting in 

a large number of particle generations. If current obser¬ 
vations are taken seriously as a restriction on what the 
model should produce, this large number of possible fam¬ 
ilies can be truncated to three total by looking only at 
the quotient braid group i?3(3). This is the group of 24 
elements obtained by imposing the additional relation¬ 
ship (Tj = 1 (which implies ctI = 1 as well), so that the 
only extra possibility for a generation from three-crossing 
braids is based on cr)~^(T 2 cri and its C and P partners. Al¬ 
though it is presented here without justification, one may 
speculate that imposing this extra relation on the braids 
may be connected to the reason the charge twists only 
appear in certain combinations. 

As a final note, it is necessary to comment how alter¬ 
ing the underlying braid structure of a particle generation 
affects the corresponding raising operators for their rep¬ 
resentations. Table |T] shows the raising operators for the 
first generation of Standard Model particles; and o? 
act to permute the charge structure of a given particle, 
so they remain the same for all generations. However, 
o? and a^, because they act to change one braid struc¬ 
ture into another, are affected by the different underlying 
braids of each particle family. Although this would be a 
matter to determine in a final dynamical theory, it is 
likely that the mass of each gauge boson corresponding 
to the raising and lowering operators is somewhat depen¬ 
dent on topological factors, such as the number of cross¬ 
ings. Thus, this difference in the operators associated to 
and leads to the conclusion that some of the force¬ 
carrying particles, at least, may have different masses, 
depending on what generation they interact with. On the 
flip side, however, this may be a possible mechanism to 
explain issues such as the Cabibbo-Kobayashi-Maskawa 
matrix - if the “true” physical states representing, for ex¬ 
ample, the boson, are a linear combination of quan¬ 
tum states realized by distinct braid structures (one for 
each particle generation), there may be a natural mixing 
of quark states from different generations, as well as an 
avenue to include photon and Z boson states. 


IV. DISCUSSION 

Below are comments on particular aspects of this 
model: 

• Spin statistics: As pointed out in previous work , 
there is no a priori way of dividing the particles 
given here into fermions and bosons. However, 
there is one interesting way of dividing them into 
these two types, based on the results given in this 
paper. Recall that for consistency, it was neces¬ 
sary for the raising operators to be invariant under 








parity; this cannot be true for the matter braids in 
order to get the entire family of particles. Thus it is 
interesting to note the division of the braid realiza¬ 
tion of the particles into those invariant under par¬ 
ity (corresponding to the fermions) and those that 
are not (giving the bosons). For example, compare 
the list of the force carrier particles given in Table 
m where the braid structure are invariant under a 
reflection of the crossing order, to the matter par¬ 
ticles in Table im where such a reflection takes a 
particle to one with opposite helicity. 

CP invariance: As a whole, the scheme pre¬ 
sented here has the charge conjugation and par¬ 
ity operators commuting, so there is CP in¬ 
variance in that sense. In fact, using solely 
this, there would in fact be four neutrino states 

- (Ticr^^[ 0 , 0 , 0 ],tT 2 CTf^[ 0 , 0 , 0 ],(Tf^CT 2 [ 0 , 0 , 0 ], and 

[0,0, 0]. Only the additional physical require¬ 
ment of symmetry under the reversal operator R 
eliminates the last two of these states as being dis¬ 
tinct from the first two, and breaks CP invariance. 

Croup structure: The form of the braids given here, 
both those denoted as matter and gauge parti¬ 
cles, in large part mimics the structure associated 
with the SU{5) Lie algebra, i.e. particular rep¬ 
resentations, as well as the raising operators act¬ 
ing on them. This latter aspect can be pursued 
even further, since the raising operators should fit 
into the adjoint representation 24 of SU{5). In¬ 
deed, this is easily shown by writing each of the 
members of the 24 as a sum of simple roots, and 
taking the corresponding product of braid realiza¬ 
tions; the results are given in Table Hill Note how 
each group of particles- gluons, X and Y bosons 

- have the same braid structure, with the charge 
structure going through all possible permutations; 
the “missing” permutations of {-1-1,0,—1} are the 
other three gluons gi,gi, and g^, corresponding to 
negative weights in the adjoint 24 representation. 

However, this is not a complete characterization 
of the SU{5) Lie algebra, in that a definition for 
a commutation bracket is missing, as well as re¬ 
alizations for the elements of the Cartan subalge¬ 
bra. The latter issue means that it is not clear 
whether this Lie group (if it can be rigorously de¬ 
fined) is C/(5), with one additional member that 
commutes with all the others, rather than SU{5), 
or even a large group containing SU{5). In this 
same vein, the action of the raising operators have 
been “stopped by hand” - it is certainly possible 
to keep acting with any of the four a® and get a 
new braid in B^, just one outside the assumptions 
for this model. The question of why the raising 
operators annihilate certain particle realizations is 
something to be resolved by a proper dynamical 
theory. 


• Extra gauge bosons: The minimal SU{5) GUT fea¬ 
tures additional gauge bosons, the leptoquark X 
and Y particles, leading to the non-conservation 
of baryon and lepton number, although the differ¬ 
ence in these, B — L, is conserved. This is seen in 
the particle associated with the raising operator, 
which has a charge of — 4e/3, and can convert lep¬ 
tons into quarks and vice versa. So, on the face of 
it, this gives rise to the same problem as the origi¬ 
nal GUT, namely the lack of experimental evidence 
for proton decay mediated by these types of parti¬ 
cles. However, a potential saving grace is the fol¬ 
lowing. Recall that the original Bilson-Thompson 
model imagined charges as twists on the strands 
of the braids; in order to have only zero or ±e/3 
charge on each braid, it was assumed that twists 
were taken modulo a rotation on the strand. In 
large part, this restriction is obeyed by the parti¬ 
cles here, except for those with the same form for 
the operator (with permutations of the charge 
structure). It is possible that this difference in the 
charge structure - and subsequent lack of observa¬ 
tional evidence for these particles - may be due to 
the extreme improbability of the requisite topologi¬ 
cal moves to create such particle structures. Unfor¬ 
tunately, this intuition fails for the Y bosons, which 
as shown in Table Hill have a trivial braid structure, 
so this matter is unresolved as well. 

• SO(10): The discussion in this paper used SU{5) 
as the Lie group for the representations given, as 
the simplest choice beyond the Standard model 
group. However, it may be more natural to con¬ 
sider 50(10) instead, where all the particles of a 
given handedness are in the same representation. 
The advantages of this would be the following. One 
of the potential issues with the 50(10) GUT is the 
presence of an extra (right-handed) neutrino; this 
particle already appears in the braid formulation as 
the left-handed neutrino under the reversal symme¬ 
try R, so there is no need for an extra particle that 
is currently unobserved. In addition, for the SU (5) 
scheme, in order to fit the relevant particles into the 
10 and 10 , the operator is needed to take the 
left-handed down quark states to the left-handed 
up quarks, and the reverse for their anti-matter 
partners; these operators are not present for the 
5 and 5 representations. However, since the iden¬ 
tical raising operators a® were shown to act on all 
four representations, it should be possible to use 
the operator and take, e.g. the right-handed 
down quarks of 5 to the right-handed up quarks 
of 10 . If this is not prevented for some unknown 
dynamical reason, this means these two representa¬ 
tions naturally fit together, which leads to placing 
them together into the spinorial 16 representation 
of 50(10). This would mean the same braid real¬ 
ization would represent two of the simple roots of 
50(10), namely and a®, which could be prob- 
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lematic, although it does imply there is no increase 
in the total number of gauge bosons. 

Finally, placing the Standard Model particles into 
the 16 and 16 representations for the 50(10) GUT 
leads to a natural association with a direct product 
of five SU{2) doublets Q- This fact arises because 
16 and 16 are both spinor representations. It has 
been shown that the brai d g roup has represen¬ 
tations acting on SU{2) so it is not unlikely, 
based on the results of this paper, that some ver¬ 
sion of the converse is true as well. 


Particle 

Structure 

Particle 

Structure 

92 

1[+1,0,-11 


<J2(jf^a2[—l, —2, —1] 

gl 

1[0,+1,-1] 

y' 

1[0,0,-1] 

93 

1[-1,+1,0] 

y^ 

1[-1,0,0] 


o-2crf^a2[—l, —1, —2] 

y^ 

1[0,-1,0] 


(72 crj"^ 0-2 [-2, —1, —1] 

w+ 

(Jj ^(7 i(72 ^[+1, +1, +1] 


TABLE III. SU{5) gauge bosons and structures for all positive 
weights in the adjoint representation 24 of 517(5); the neg¬ 
ative roots correspond to the inverses of these. These states 
only act as raising operators for the first generation of parti¬ 
cles; those with non-trivial braid structures would differ for 
other particle generations. Indices for particle names refer to 
their color 517(3) index. 

In conclusion, this paper has shown that the first gen¬ 
eration of Standard Model elementary particles, realized 


in the Bilson-Thompson model as a set of braids with 
three strands with charges as labels on these strands, 
consistently ht into the direct sum of representations 
5 © 5 0 10 © 10 of the 517(5) GUT. By using a particu¬ 
lar definition of the parity operator P, along with charge 
conjugation C obtained by taking a braid to its inverse, 
operators associated with the simple roots of SU (5) were 
derived as braids themselves, leading to their interpre¬ 
tation as gauge bosons in this scheme. Only parity op¬ 
erators where the roots of the Lie algebra correspond to 
parity-invariant braids give a consistent picture, meaning 
there is a non-trivial structure developed here. These op¬ 
erators act on opposite sides of two representations that 
are conjugate to one other. From this, possible realiza¬ 
tions of the other two particle families were given, and 
these would be the only additional possibilities if the 
braids are restricted to members of the quotient braid 
group ^3(3). 

Although it is surprising how well this scheme works, it 
is still not a coherent model, since there is not a complete 
theory of the dynamics for these braids. Thus, many of 
the restrictions necessary to get only the Standard Model 
particles - limits on the charges placed on the strands, or 
the breaking of SU (5) into the Standard model symmetry 
group, for example - are unexplained at this point, and 
must be left to conjectures on the actual realization used 
(if not the one here), or the action of unknown rules for 
topological changes in the particles. It is possible this 
could be done in the context of loop quantum gravity 
or another theory based on topological objects. A great 
deal of work is now needed to develop these ideas further 
into a rigorous theory testable with experimental data. 
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